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Makai [7, 81 and Polya [IO] introduced the method of interior parallels 
to construct trial functions for the Rayleigh quotient of a vibrating membrane. 
Payne and Weinberger [9] sharpened these results by using some geometrical 
inequalities of Sz-Nagy [l 11. They proved the following theorem: Among all 
homogeneous membranes of given area which are jxed along the outer boundary 
curve of given length and are free otherwise, the annulus has the highest jrst 
eigenvalue. Hersch [4] considered multiply connected membranes which are 
fixed on one inner curve and are free otherwise. He showed that for these 
membranes with an inner boundary of given length the first eigenvalue is not 
greater than that for an annulus of the same area. The aim of the present paper 
is to prove similar results for membranes which are partially free on their 
outer boundary, and to generalize them to the case of inhomogeneous 
membranes. 
In the first section we extend the method of interior parallels to curve 
which are not closed. It will be shown that the inequalities of Sz-Nagy remain 
valid in a slightly modified form. These inequalities will be used in the 
second part to derive isoperimetric inequalities for the membrane. The proofs 
will be similar to those in [9] and [4]. 
1. INEQUALITIES OF SZ-NAGY FOR PARALLEL SETS IN SECTORS 
1.1. Let S be the sector 0 <r < cc, 0 < 0 < 01 (r, 0 polar coor- 
dinates). Let G(c n S # 0) b e a bounded simply connected domain which 
contains the origin and which is bounded by two linear segments, a 19 = 0 
and B = 01, and by a Jordan arc r, . We assume that r,, n S consists of only 
* The principal results of this paper were obtained during a stay at the Advanced 
Studies Center of the Battelle Institute, Geneva. 
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one arc. If  B is a domain such that B A r, f :  D, and if c C B is a rectifiable 
curve joining a point P E B and r,, , then d,(P, r,,) = inf,=, SC ds denotes 
the distance from P to r, with respect to B. The sets 
&, = {PE G; dG(P, T,) < t)(O < t < tu) 
will be called the interior parallel sets of r,, , and PA, = (P E G; d&P, I’,) = t} 
are the corresponding interior parallels. For domains f? lying entirely in S 
we also define the exterior parallel sets G,, = (P E S\e; d,,&P, I’,,) & tj 
(0 < t < co) and the exterior parallels F+t = (P E S\i=; d&P, r,) = t>. 
A(B) is the area of B andL(r) the length of r. We shall use the abbreviations 
A”(t) = A(&,), A;(t) =: A(G+,), 
E(t) = L(F,) and L+(t) = L(P,). 
The following lemma is a generalization of a result obtained by Sz-Nagy [I 11. 
LEMMA 1. (a) Let e be contained in S. Then A+(t) - (42) t2 is a 
continuous and concave function of t (0 < t < CO). 
(b) For 01 < r, A”(t) + (42) t2 is a continuous and concave function of t 
(0 < t < 43). 
Proof. 1”. Following [l l] we consider first a domain e whose boundary 
arc r, consists of circular arcs which are all convex with respect to e. We 
suppose further that their centers n/r, i = 1, 2,..., n are distinct, and that at 
the point of intersection of two arcs their tangents do not coincide. 
e=o 
Ml 
FIGURE 1 
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Per) or PfJ, (i = 1, 2,..., n + 1) are the comers of r,,(p+J, including its 
endpoints. oli denotes the external angles at P (I). It follows from the convexity 
that CL( < 0 for i = 2,..., n. For the sake of brevity, only the case a1 > n/2 
and G+~ < 742 will be considered; it is clear that the results hold also for 
the other cases. Pi is the angle of the i-th circular arc. The point P$ i = 2,..., n 
lies on a hyperbola through Pci) with the focal points Mi, and Mi . If dt 
is small, PyJt is close to the tangent to this hyperbola at P(t). Since this tangent 
bisects the angle between Pci)Mi and P@)Mi-, , it follows that 
L+(b) -L(O) = Lit f pi - At f 2tg(-CXJ2) + o(dt) 
i=l i=2 
+ &(a, - 7r/2) - At tg(7r/2 - CY,+J 
(1) 
and therefore da = hm,,,, {[L+(dt) - Z(O)]/dt} exists. Because of the 
inequality tg ys > y2 and the relation 
g OIi + s,, K ds = 2~ - (T - a) 
(K is the curvature of ae, and s the arc length of ae), we conclude that 
da < a. (3) 
Since (p+J+,. = p+u+r) , (3) is valid for all exterior parallels. 
Under our assumptions on r,, , f(t) =L+(t) - art is continuous and has 
a right-hand side derivative f’(t) < 0. Since z+(t) = A+‘(t), we can write 
f(t) = (A+(t) - (a/2) t2)‘. Th e uric ion F(t) = J+(t) - (42) t2 is concave, f t 
because F”(t) =f’(t) < 0. This proves assertion (a) of Lemma 1 for this 
particular case. 
The proof of (b) is analogous. We have 
L(dt) -L(O) = - At f pi - At f CLi - At * tg(CXr - n/2) 
i=l k2 
+ &d2 - %+A + o(4. 
(4) 
Hence di = lim,,,,{[&lt) - t(O)]/At} exists and satisfies the inequality 
di < -a. (5) 
Because of the assumption LY < 7r, (5) holds for all interior parallels, 
in particular for those which consist of different arcs. As before, we conclude 
that J(t) = a(t) + (42) t2 is a continuous and concave function of t. 
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2”. In the general case we approximate e by domains of the type 
described in 1”. The proof is exactly the same as in [ 1 l] and will therefore 
be omitted. 
From now on, let r,, be a Jordan arc containing a finite number of arcs of 
class C2. The concavity of F(t) or J(t) gu arantees the existence of a’(t) or 
A+‘(t). In [2, 3]l it is shown that, except for a finite number of corners, and 
for almost all t, the F+t are of class C2. Hence 
da+(t) = jp+t ds dt + o(dt) or dJ(t) = j,, ds dt + o(dt). 
It follows therefore that 
A+‘(t) = E+(t) and 3(t) = E(t). (6) 
1.2. An oriented arc will be called convex if it lies everywhere 
on the left of its tangent (or half-tangent). Let p be an arc from A to B and let 
‘k = {c} be the class of all convex arcs lying on the right side of p and joining 
A and B. p* denotes the arc with the property L(p*) = minccy SC ds. For 
short, we shall say that p* is the “right convex hull” of p. We shall assume 
that G is a bounded simply connected plane domain with the positively 
oriented boundary r = r, u y. I’,, is an arc which, except for a finite number 
of corners, is in the class C2. y* denotes the right convex hull of y, and 
A and B are the endpoints of y. The half-tangents of y* in A and B will be 
called t, and t, , and q is the oriented angle between t, and t, . If 0 < q~ < n, 
we denote by G the domain with the boundary r,, t, and t, . Because of 
the convexity of y*, G is contained in e. Let the interior parallels f-, as 
well as c...t be defined the same way as in Section 1.1. We set F-t = T-t n G 
and G-, = e-, n G, and we shall use the notationsL(t) = L(K,), L = L(I’,,), 
A(t) = A(G-,) and A, = A(G). 
LEMMA 2. IfO<g,<xandar=r--,then 
L2(t) = [dA(t)/dt12 < L2 - 2&(t). (7) 
Equality holds only for the circular sector of angle 0~. 
The proof is the same as in [4, 51. Lemma l(b) and formula (6) lead to 
L(t) <E(t) < --or2 + L (8) 
1 The results of Hartman are valid for parallels on more general Riemannian 
manifolds. 
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and 
and thus, 
dAjdt = L(t) (9) 
A(t) < -(a/2) t2 + Lt, (10) 
(L/a - t)2 < (L/Ix)~ - (2/a) A(t). (11) 
By (8) and (9) we have L’(t) L(t) dt < -a dA(t), and integration yields 
L2(t) - L2 < -2aA(t) and L2 3 2aA(t). w 
This inequality was obtained by a different method in [l]. Because of (12), 
(11) yields 
L/a - t < {(L/~x)~ - (2/a) A(t)}1/2. (13) 
In view of (8), this proves the assertion. 
We now consider the following case: Let G be contained in the sector 
S=(O<0,</3, O<r<co}, and let A be on 0=0 and B on 0=/3. 
r,, thus divides S into two components G,, and G, . We suppose that G 
belongs to the unbounded component G, . The exterior parallels are defined 
as 
p+, = {P E G, ; dG,(P, r,,) = t}; 
we set I’+, = p+t n G and L+(t) = L(r+,). The definition of G,, and A+(t) is 
analogous. Following [4] and [5], we have 
LEMMA 3. L+(t) < LeBT, where T = Ji dt/A+‘(t). 
Proof. By Lemma l(a), formula (6) and L+(t) <e+(t), it follows that 
Equality holds only for the circular sector. 
2. APPLICATIONS: UPPER BOUNDS FOR THE FIRST EIGENVALUE 
OF MEMBRANES WITH PARTIALLY FREE BOUNDARIES 
2.1. Let G be a simply connected domain whose boundary 
r = r,, u y is subject to the conditions of Section 1.2. We consider the 
homogeneous membrane 
Me:Au+hu =OinG, (&4/&) + k(s)24 = 0 on r, 
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(n the outer normal, k(s) > 0, s the arc length), 
(au/an) = 0 on y. 
The first eigenvalue is characterized by 
Al y= min &WI = min (9(w) + j, k(s) w2 ds)/jj, w2 dx dy, 
where (14) 
B(w) = j j, grad” w dx dy. 
THEOREM I. Let OL = rr - 9, where QI is the angle formed by the half- 
tangents t, and t, of y* in A and B (see Section 1.2). I f  0 < 01 < T, then 
A, < m;ln i jAo 
A=0 
(L2 - 2orA) f  ‘2(A) dA + Kf’(O))/ j:Lof2(A) dA = A, , 
(15) 
where K = Jr, k(s) d s is the total elasticity and A, = A(G) the total area. 
f  ranges over all real functions of class Dl[O, A,]. Equality holds i f f  G is the 
domain 
O<B<ol, R, < r < R, (R, = L/or, (01/2)(R,~ - Ro2) = A,) 
and 
K/L on r = R, 
‘(‘) = 10 elsewhere 
(see Fig. 2). 
A, is the first root of the equation 
d7i(Jo’( z/JR,) N,‘( d;?R,) - J,,‘(dzRd %‘(d~Ro>) 
+ K(J,‘@R,) N,(&iR,) - Jo(dxR,) No’(@Ro)) = 0, 
where Jo is the Bessel function and No is the Neumann function Of order zero. 
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Proof. We introduce in (14) trial functions w(P) which are constant along 
the interior parallels T-t , i.e., w(P) = v(t) if P E Ct . It then follows that 
62(w) = /jr-, ($)” dn ds = j:“($)“dA = j:“($,‘($)“dA 
(16) 
and by Lemma 2 (Section 1.2) 
Since 
S(w) < jAo(L2 - 2cd)d2(A) dA. 
0 
(17) 
and 
IS I 
-40 
w2 dx dy = v2 dA (18) 
G 0 
I 
k(s) w2 ds = Kv2(0), (1% 
ro 
it follows that 
A, < KS A' (L2 - 2~4) d2 dA + Kv2(0))/ j; w2 dA] . 0 
Since this is true for all w, inequality (15), is proved. Because of the 
symmetry of the extremal domain, the level lines of the first eigenfunction 
coincide with the interior parallels. In this case equality holds in (17). 
This method can also be used to construct upper bounds for the first 
eigenvalue of the inhomogeneous membrane Me’ : Au + Xpu = 0 in 
G (p > 0) with the same boundary conditions as Me. The Rayleigh quotient is 
qw] = [qw, + jrok(s) w2d~]/jj,~w2dxd~~ 
Choosing again w(P) = v(t) for P E l-‘-t as a trial function, the denominator 
becomes 
jjGpw2 dx dy = jt” v2 j 
0 r-t 
p ds dt = jr’ v”g(t)L(t) dt. 
0 
If p is bounded (0 < p(x, y) < H), then 0 ,( g(t) < H. We consider the first 
eigenfunction w,(A) of the problem 
[(L2 - 2aA) w’]’ + pv = 0 in (0, M/W, 
v’(0) - Kv(0) = 0, v’(M/H) = 0, 
where M = $so p dx dy. v,(A) is nondecreasing. 
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We set 
v. in (0, M/H) 
v”,(A) = jv,(M/H) in [M/H, A,]. 
It then follows that 
lo&b’(A) Voz(A) dA > H jr’H vo2 dA. 
This establishes the following generalization of Theorem I, which is similar 
to a result obtained by Krein [6]. 
THEOREM I’. Let G and r satisfy the conditions of Theorem I. For given 
AI, L, 01, H and K we have 
x ,- 1% min Ki M’H (L* - 2aA) f I2 dA f~D~(o.hfIH) 0 + Kf V9)/H j;‘Hf2 dA], 
i.e., the membrane with the largest possible first eigenvalue is that covering 
the domain 0 < 0 < 01, fT, < r < R, [R, = L/or, (oIH/2)(R12 - Ro2) = Mj, 
and elastically supported along r = R,[k(s) = K/L] and free on the rest of 
the boundary. 
Remarks. (1) This theorem holds also for multiply connected membranes 
which are free along the interior boundaries. 
(2) It is always possible to extend k(s) and To in such a way that the 
conditions of Theorem I are satisfied. 
(3) For the homogeneous membrane fixed along To, we have 
A, < 3(L2/Ao). This inequality is similar to that of Makai [7] and is obtained 
immediately by setting v(t) = t. 
(4) If k(s) = cc and OL = 0, then A, < (?rL/2M)*. 
Equality holds if and only if G is a rectangle and p is constant. This result 
was obtained by Polya [lo] for a fixed, homogeneous membrane. 
2.2. Let G be a simply connected domain with the boundary 
r = To u y (see Section 1.2) subject to the following conditions: G is con- 
tained in the sector S 0 < 0 < /3, 0 < r < co. A and B lie on 6’ = 0 and 
0 = ,8. We assume further that I”, divides S into a bounded component G,, 
containing the origin, and an unbounded component G, . Let G be in G, . 
In this case p+t (see Section 1.2) and r+, = G n l?,i are defined. The 
following result holds for the membrane IMe. 
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THEOREM II. The Jirst eigenvabe satis$es the inequality 
A, < min 
f  [( ,6’” CL2 + w4+)f’2G4+) dA+ + W2(0))/ff2(A+) dA,]. 
(20) 
Equality holds iff G is the domain 0 < 0 < /I, 
and 
R, < r < R, (R, = L//l, j3(R22 - R12) = 2A,) 
(seeFig. 3). 
FIGURE 3 
The proof is the same as in [4, 51. We introduce in the Raleigh principle 
functions w(P) with the level times J’+, , i.e., co(P) = v(t) if P E I’+, . It 
follows that 
4 < [(I; ($)” dA+  K,a(O,)/j; v2 dA+]. (21) 
I f  we set T(t) = si dt/A+‘(t) and p(t) = [A+‘(t)]z, (21) takes the form 
dT + Kv2(o,)/J-a PV”(T) dT], (22) 
where Tl is determined by the equation J2p(T) dT = A,, . Let T2 be 
such that ScL2e2BT dT = A,, . We define 
L2e2BT if T < T 
@) = lo 
2’ 
elsewhere. 
Because of Lemma 3, we have T2 < Tl . Let zi(T) be the first eigenfunction 
of the extremal domain, and set 
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G(T) is a nondecreasing function. It then follows that 
[TLjd2(T)dT >, j;@dT = /;L”eWPdT. (23) 
-0 
By (22) and (23) we have 
A, < [( jy $2 dT + Kti2(0)~/jTzL’e2~T~ dTj, 
0 
which is equivalent to (20). 
The same argument as in Theorem I’ shows that this result can be gener- 
alized. For the inhomogeneous membrane Me’ with bounded mass distribu- 
tion 0 < p(x, y) < H we have 
THEOREM II’. Let G and r satisfy the conditions of Theorem II. For 
given M, L, /?, H and K we have 
4 < min 
PGD1(O,MIH) 
[( f”IH(L2 f  215AJf’2(A+) dA+ -t- Kf 2(O,)/H !.;‘H.f2 dA+], 
I 0 
i.e., the membrane with the largest possible first eigenvalue is that covering 
the domain 0 < 6 < /3, R, < r < ii2[RI = L//I, @H/2)(Rz2 - R12) = M], 
and elastically supported along r = R, [k(s) = K/L] and free on the rest of 
the boundary. 
The remarks (1) and (4) under Theorem I’ remain also valid in this case. 
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